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Abstract 
Damage accumulation is a well known concept in multiaxial fatigue but the achievement of damage quantification 
and associate it to fatigue life estimation is still a big challenge. The aim of this work is to study the damage 
accumulation generated in 42CrMo4 steel due to different sequential biaxial loadings. It was implemented several 
loading paths with the same final history but with different trajectories. The loading paths were carried out with a 
biaxial servo-hydraulic fatigue machine, and for each specimen the crack initiation angle was measured. The number 
of cycles at failure and the crack angles were correlated with two theoretical critical plane models. The obtained 
results are discussed and allow to improve the understanding of fatigue damage accumulation. 
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1. Introduction 
Most engineering components are subjected to multiaxial, irregular cyclic stresses in service. Unlike 
uniaxial fatigue, the multiaxial fatigue problem is more complex due to the complex stress states, loading 
histories and different orientations of the initial crack in the components [1-5]. In order to improve the 
fatigue life prediction results, one of the important issues is to understand the fatigue damage 
accumulation under multiaxial loading conditions. 
     A comprehensive survey on fatigue damage models was presented by Fatemi and Yang [6]. For 
fatigue damage under sequential loading, Robillard and Cailletaud [7], Zhang and Miller [8], Harada and 
Endo [9] generated test data on ferritic stainless steel, Inconel 718, and medium carbon steels under 
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tension–compression and torsion. Their results show that the damage value (n1/N1+n2/N2) tends to 
become greater than 1 for tension-compression followed by torsion and less than 1 for torsion followed 
by tension-compression. In particular, for medium carbon steels [8, 9], the damage value in the former 
loading case increased much larger than 1 because of new initiation of microcracks in torsion.  
This paper studies sequential loading effects on fatigue damage of the low alloy 42CrMo4 steel under a 
series of sequential/incremental multiaxial loading steps. It is studied the effect of sequential biaxial 
loading on both the fatigue life and crack growth orientation of the material. Two critical plane models are 
applied in the theoretical analysis: the Fatemi-Socie (FS) model [10] and the Smith-Watson-Topper 
(SWT) model [11]. The theoretical results are compared with experimental results and the damage 
accumulations under different sequential loading cases are discussed. 
2. Material data, specimens form and test procedures 
The material considered in this work is a high strength quenched and tempered at 525ºC steel, 
42CrMo4. The monotonic and cyclic mechanical properties are shown in Table 1. These properties were 
determined in previous works [2, 3]. The geometry and dimensions of the specimen used in the testing 
program are shown in Fig. 1. Fatigue tests were carried out in load control for several multiaxial loading 
paths, as shown in Fig. 2. In this figure the outer circle means the same von Mises equivalent stress. 
The experiments conditions were as following: frequency between 2-5 Hz, room temperature, and 
laboratory air. Tests ended up when the specimens were completely broken. Fractographic analysis of the 
macroscopic plane of crack initiation and early crack growth were carried out. The measurement of the 
crack initiation plane was carried out as follows: firstly, the local of crack initiation was identified, then, 
the specimen was analyzed in a 3D measurement device and the angle between the crack initiation plane 
and the longitudinal axis was accurately measured.  
 
Fig. 1. Specimen geometry with all dimensions in mm. 
 
Fig. 2. Biaxial axial/torsional fatigue loading stress paths. 
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Table 1. Monotonic and uniaxial cyclic mechanical properties of the studied material, 42CrMo4. 
Tensile 
strength 
Yield 
strength 
Young’s 
modulus  
Elongation Cyclic 
Yield 
strength  
Strength 
coefficient 
Strain 
hardening 
exponent 
Fatigue 
strength 
coefficient  
Fatigue 
strength 
exponent 
Fatigue 
ductility 
coefficient 
Fatigue 
ductility 
exponent 
u 
(MPa)
 0.2%  
(MPa)
 
E (GPa) 
 
A (%) 
´0.2% 
(MPa)
 
K´(MPa) 
 
n´ 
 
ıf´(MPa) 
 
b 
 
İf´ 
 
c 
1100 980 206 16 640 1420 0.12 1154 -0.061 0.18 -0.53 
3. Theoretical analysis 
For the biaxial loading cases 1 to 7 carried out, shown in Fig. 2, both the fatigue life behavior and the 
potential crack initiation plane are analyzed considering the von Mises equivalent stress criterion and two 
critical plane models, the Fatemi-Socie (F-S) and the Smith-Watson-Topper (S-W-T) model, respectively. 
3.1. Fatemi-Socie model  
The Fatemi-Socie model [10] is widely applied for shear damage model, which predicts that the 
critical plane is the plane of orientation ș with the maximum F-S damage parameter: 
,max1 ( )
2
n
y
k f    (1) 
where ǻ /2 is the maximum shear strain amplitude on a plane ș, n ,max is the maximum normal 
stress on that plane, y is the material monotonic yield strength; k is a material constant, which can be 
found by fitting fatigue data from simple uniaxial tests to fatigue data from simple torsion tests, k=1.0 for 
42CrMo4.  
3.2. Smith-Watson-Topper model 
The tensile damage model, proposed by Smith, Watson and Topper [11], predicts that the fatigue crack 
plane is the plane of orientation ș with maximum normal stress (the maximum principal stress): 
1
,max ( )2n
f   (2) 
where ǻİ1/2 is the maximum principal normal strain amplitude and ,maxn  is the maximum normal 
stress on the ǻİ1 plane. 
4. Results and discussion 
4.1. The sequential loading effect in fatigue life 
Fig. 3 shows the number of cycles to failure versus equivalent von Mises stress amplitude. As can be 
seen from this figure, the data show that proportional loading case 1 and the non-proportional loading 
case 7 caused least and most damages, respectively, among the loading paths studied in this work. An 
important issue that could arise in this analysis is how a cycle/block was defined. For those values present 
in Fig. 3 it was considered a complete cycle/block when all fully reversals and semi-reversals of the 
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loading path were performed. Loading paths 3, 4 and 5 present similar fatigue lives, but loading case 5 
with semi-reversals creates more damage. In terms of final loading path configuration cases 6 and 7 are a 
combination of loading cases 3 and 4, or 3 and 5, respectively, (see Fig. 2), but in terms of damage 
accumulation it´s not a simple summation of the damages from each loading case. All the damages caused 
by the discriminating loading paths 4 to 7 stay in between cases 1 and 2, unless loading path 7, see fig. 3b. 
One factor that could influence this behavior is the mean stress effect from the pulsating stress that 
characterizes loading case 7. Moreover the loading cases with complete reversals (loading cases 4 and 6) 
show less damage than loading cases with semi-reversals (loading cases 5 and 7). 
                                                            
 
a) b) 
Fig. 3. Fatigue life regarding von Mises criterion: a) loading cases 1 to 5; b) loading cases 1, 2, 6 and 7. 
4.2. The sequential loading effect on fracture surface (critical plane) 
After each specimen´s failure the crack initiation angle (considered the critical plane) was measured 
experimentally and was compared with the theoretical results from the F-S and S-W-T models. As an 
example Figure 4 allows to identify the critical planes for all loading paths concerning S-W-T model, and 
Table 2 present the measured results. As it can be seen from Table 2, unless the proportional loading case 
1, where the shear failure F-S model gives better result, the results from both critical plane models are in 
good agreement with the experimental ones for these discriminating loading paths. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Identification of the critical plane for all loading paths for S-W-T model. 
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Table 2. Comparison of the measured crack initiation planes and the estimations ones for the studied material. 
 
A more detailed analysis concerning the critical plane issue over the loading paths studied is presented 
in Table 3 regarding F-S model. The orientation of the critical plane for the block is compared with the 
several branches that compose that block. For example, loading case 7 presents 9 critical planes for the 8 
sub cycles (each branch). Besides, it can be observed that the sub-cycles (0-3) and (0-7) are pure shear 
stress cycles, which seems to have dominant influence for the critical plane of the block. 
As an example of the observed fracture surfaces, Figure 5 presents two fracture surfaces. The 
identification of crack initiation local and the measured angle of crack initiation plane are indicated by a 
white arrow as shown in Fig. 5. The red arrows indicate the early crack´s propagation.  
Table 3. Comparison of the measured crack initiation planes and the estimations ones for the studied material.  
 
 
 
 
 
a) b) 
Fig. 5. Identification of crack initiation site for loading path: a) case 5; b) case 6. 
 
 Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 
Measured plane -16º 0º -5º 19º 27º 0º -6º 
F-S model -14º/+63º 0º 0º ±21ͼ / ±69ͼ ±21ͼ/±69ͼ 0º/±90ͼ 0º/±90ͼ 
S-W-T model +25º 0º 0º ±25º ±25º 0º 0º 
F-S model 
Case 4 Case 5 Case 6 Case 7 
Branches Angle Branches Angle Branches Angle Branches Angle 
Full ±21ͼ / ±69ͼ Full ±21ͼ / ±69ͼ Full 0 / ±90ͼ Full 0 / ±90ͼ 
1-2 -21ͼ / 69ͼ (0-1); (0-3) -21ͼ / 69ͼ 1-2 ±45ͼ (0-1); (0-5) ±45ͼ 
3-4 21ͼ / -69ͼ (0-2); (0-4) 21ͼ / -69ͼ 3-4 -21ͼ / 69ͼ (0-2); (0-6) -21ͼ / 69ͼ 
    5-6 0 / ±90ͼ (0-3); (0-7) 0 / ±90ͼ 
    7-8 21ͼ / -69ͼ (0-4); (0-8) 21ͼ / -69ͼ 
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Conclusions 
The effect of sequential biaxial loading on fatigue damage accumulation was observed in experiments 
and analyzed by theoretical critical plane models. Significant influence is presented in fatigue life, crack 
orientation and fracture surface. 
Loading case 7 is the most damaging loading path to 42CrMo4 material; case 1 is the least one. 
The final configuration of loading case 6 is a combination of loading cases 3 and 4, but this one is 
more damaging than these two cases applied separately with the same equivalent stress. 
Loading cases with complete reversals show less damage than loading cases with semi-reversals. 
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